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SUMMARY 

Results are presented of an investigation that has been tinder- 
taken to develop theoretical methods of treating the motions of 
hydrofoil systems and to determine some of the important parameters, 
Variations of parameters include three distributions of area 
"between the hydrofoils, two rates of change of downwaeh angle with 
angle of attack, three depths of immersion, two dihedral angles, 
two rates of change of lift with immersion, three longitudinal 
hydrofoil spacings, two radii of gyration in pitching, and various 
horizontal and vertical locations of the center of gravity. Graphs 
are presented to show locations of the center of gravity for stable 
motion, values.of the stability roots, and motions following the 
sudden application of a vertical force or a pitching moment to the 
hydrofoil system for numerous sets of values of the parameters. 

The lateral stability of tandem-hydrofoil systems is briefly 
discussed, and values of the lateral stability roots are presented 
for two longitudinal hydrofoil spacings and two vertical locations 
of the center of gravity. 

The analysis indicates that If only the longitudinal motions 
of a hydrofoil system are of interest the present theory should 
provide satisfactory predictions. An adequate theory for the 
lateral motions, however, must treat the longitudinal and lateral 
motions in combination. The conclusions based on the Investigation 
are that'a' large longitudinal spacing between the hydrofoils, a 
large rate of change of lift with depth of•• immersioh",""and a horizontal 
location of the center of gravity near the center of the regloh "öf 
stable locations are important contributions in the' attainment of 
desirable characteristics for the longitridinal motion. An appendix 
gives an outline of the methods of_theoretical treatment used and 
presents methods used in computing the required stability derivatives. 
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INTRODUCTION 

The use of hydrofoils as an alternative to planing "bottoms or 
hulls for the support of craft operating on the surface of water haB 
been of interest for some time. (See reference 1.) Guidon! 
advocated the use of hydrofoils as a means of improving the taJfce- 
off and rough-water performance of seaplanes as early as I9II. 
(See reference 2.) Some of the advantages claimed for hydrofoils 
over planing "bottoms are a "better ratio of lift to drag on the 
water and less sensitivity to irregularities of the water surface. 
In addition, If hydrofoils are used, the hull lines can "be designed 
to favor good aerodynamic rather than good hydrodynamic charac- 
teristics, and "by retracting the hydrofoils the aerodynamic 
performance can he even further improved. In spite of the evident 
advantages of these devices and the attention that""they have 
received, no published work is known to exist on the stability of 
motion for systems employing hydrofoils. 

The present paper deals theoretically with the "behavior of a 
Bystem supported solely "by hydrofoils and is a first approach to 
the problem of developing methods of theoretical treatment for the 
more general case where the Interaction of hydrofoils, hull, and 
aerodynamic surfaces have to "be taken Into account. The treatment 
is "based on the theory of small oscillations and involves assumptions 
customarily made in applying the theory. (See reference 3.) 

Definitions of all symbols used are listed at the beginning 
of the appendix.   

LOWGITUDIWAL MOTIONS 

The longitudinal motions of a number of hypothetical hydrofoil 
systems were investigated by means of calculations "based on the 
theoretical treatment presented in the appendix. All-the computa- 
tions were for systems composed of- two similar-hydrofoils of rectangular 
plan form and rectangular tips. The hydrofoils were arranged in 
tandem and had an aspect ratio of 6 and a total hydrofoil area of 
0.188 square foot. (See fig. 1.) The systems were assumed to have 
a mass of 0.256 slug and to operate at a velocity of 20 feet per 
second In water having a density of I.97 slugs per cubic foot. The 
mass of the system was assumed to Include all Items suoh as structure 
and additional mass effect. For systems with dihedral the hydrofoil 
area, aspect ratio, and span were based on the part of the hydrofoil 
immersed during the Initial undisturbed motion, although unwetted 
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parts of the hydrofoils were assumed to project above the water far 
enoujsh to. ensvure that the tips were never immersed during disturbed 
motions. (See fig. 2.) Most of these dimensional characteristics - 
of the hydrofoil systems were chosen to facilitate comparison of the 
theoretical motions with the results of contemplated experimental tes*s. 
Changes in the other parameters were made to determine their effects 
on the stähle regions, the stability roots, and the motions resulting 
from, disturbances.. 

Effect of Parameters on Stable Regions 

The stable region, as used in the present paper, indicates 
permissible locations.of the center of gravity relative to the 
hydrofoils if the longitudinal motions are to be stable. The stable 
region alone, however, gives no quantitative Indication of the 
degree of stability. The stable region is bounded by lines that- 

•are the loci of center-of-gravity locations for which neutrally 
stable longitudinal motions occur. The positions of the boundary 
lines, and hence the size of the region, vary with changes in the 
parameters of the hydrofoil system and thus suggest variations of 
the parameters that may be of practical interest for more detailed 
study. 

» t-. 

The type of unstable motion occurring just outside the boundaries 
has been noted for each of the stable regions in figures.3 to 9j 
thus,'for each stable region, center-of-gravity locations beyond the 
rear boundary lead to an unstable divergence, and in most cases 
unstable oscillations occur for locations beyond the front boundary. 
The rear boundary is always located farther to the rear of the front 
hydrofoil than would be the-case for a similar pair of airfoils 
because of the additional-.damping introduced as a result of the 
sensitivity of the hydrofoils to depth of immersion. 

In addition to the- selection of a'center-of-gravity location . 
that lies within- the stable region in order to meet the requirements 
for stability;•  certain' supplementary practical factors must be . 
considered. For example, negative lift on either hydrofoil should, 
be avoided^ otherwise momentary uncovering of the hydrofoil (as by 
a wave trough) will be followed by nosing-over if the rear hydrofoil ': 

is operating at negative lift.,'or nosing^up if the front hydrofoil 
is operating at negative lift. Furthermore, the longitudinal 
location of the center of gravity is also restricted by the maximum "" 
positive lift obtainable, and may be influenced by the desirability 
of operating the hydrofoils near their maximum lift-to-drag ratios. 
The net effect of•such restrictions is to reduce the usable part .of 
some of the computed stable regions shown in figures 3 to 9« 
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In the present study, where the effects of power are neglected, 
the vertical center-of-gravity location selected appears to "be of 
secondary importance, low locations being somewhat advantageous. 
The effects of power, however, will undoubtedly have an important 
bearing on the choice of the vertical center-of-gravity location. 

Pistribution of area.. The effect of the distribution of area 
"between the two hydrofoils on the extent of the stable region is 
shown in figure 3. The plan-form arrangements assumed for the 
three distributions treated are shown in figure 1. In arrangement 1 
the hydrofoils we're identical; in the other two arrangement's the 
ratio of the distribution of area was l:k  and the arrangements 
differed only in the location of the larger hydrofoil. All the  .   / 
arrangements had the same total hydrofoil area of 0.188 square.foot., 
The horizontal distance between the assumed hydrodynamic centers of 
the hydrofoils for all arrangements was 10 .Oc^, where c\    is the 
chord for the arrangement with two equal hydrofoils, and the assumed 
hydrodynamic center was located at the quarter-chord point of the 
center section. All the hydrofoils were assumed -to.be immersed 1»Oc^ 
at the hydrodynamic center during the initial undisturbed.motion. 

Figure 3 shows that the configuration with the small surface 
ahead (arrangement 3) gave the largest useful stable region. The. 
rearward extent of the stable region for the arrangement with two 
hydrofoils of equal area (arrangement 1) was considered adequate, 
however, and because this arrangement permitted certain simplifica- 
tions in the calculations, it was used for the rest of the work. 
The configuration having the main surface ahead (arrangement 2) 
would, from theoretical considerations, be the most effioient 
arrangement for developing lift but has a considerably more limited 
range of stable center-of-gravity location than do the other • 
arrangements. 

Rate of change of downwash.- In a tandem-hydrofoil system the 
downward velocity produced in the fluid by the front hydrofoil reduce« 
the effective angle, of attack of the rear hydrofoil by the amount of- 
the downwash angle e. The downwash angle is a function of the lift 
on the front hydrofoil and hence varies with angle of attack. The, 
rate of change of downwash•angle with angle of attack, which is the 
factor of interest from the standpoint of stability, will be represented 
by the symbol ea. The value of ea will probably be intermediate 

between zero and the theoretical ultimate maximum e„ = -£~ . ,%...X 
rtAl dm 

but-to determine the value accurately would require an investigation 
of downwash near a free surface. Corresponding limiting values of- e, 
which are given instead of ea   in the figures for the sake of 
brevity, are zero and twice the induced angle of attack a±. Iii order 
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to show the influence of the rate of change of downwash on the 
nature of the stähle region, computations were made for these two 
extremes, and the results for a.system having two equal hydrofoils 
are shown in figure h.    An increase in the variation of downwash 
with a shifts "both boundaries forward without appreciably altering 
the size of the stähle region. 

The effect of downwash for the other hydrofoil arrangements was 
found to he similar to that indicated by figure it- for the arrangement 
with two equal hydrofoils. Because there was no pronounced change 
in the size of the stable region with change In downwash, the 
condition of zero rate' of change of downwash with _a was assumed in 
most of the remaining calculations, .  ^, 

The true boundaries of the stable region for the system treated 
In figure h lie somewhere within the bands defined ~bj the boundaries 
for e *B 0 and e = 2ai; but accurate definition of the boundaries 
requires that € be known. Conservative estimates will be obtained, 
when the value of e is not known, if the assumptions are made that 
e ss 2<x£ for computing the location of the rear boundary and that- 
6=0 for the front boundary. 

Depth of immersion.- The lift and drag obtained from a hydrofoil 
depend upon the depth of Immersion z0 of the hydrofoil in the water. 
Because appreciable change in the depth of Immersion may occur under 
normal operating conditions, computations of the stable region were 
made for immersion depths of 0.50^, l.Oci, and 1.5o.;j_. (See fig. 5.) 
Limits of the stable region were not altered to any important extent 
by the assumed changes In the depth at which the hydrofoils operate. 

Dihedral angle.- The effect on the stable region of increasing 
the dihedral angle * F of the hydrofoils from 0° to 30° is shown in 
figure 6. Both the front and the rear boundaries of the stable 
region were affected by the dihedral In such a way that the increase 
In dihedral increased the size of the stable region. ^ 

Increasing the dihedral angle from 0° to 30° resulted in an 
associated increase in vertical damping. It appeared reasonable 
that the improved stability obtained by changing the dihedral might 
have resulted from this increased vertical damping} consequently 
the effect of arbitrarily increasing the vertical damping for the 
hydrofoils with a dihedral angle of 0° was studied and the results 
are discussed In the next section. 

Bate of change of lift with Immersion.- If the depth of immersion 
of a hydrofoil Is changing, the lift is also changing, and the rate 
of change can be expressed by the vertical-damping derivative bCr/öz'. 
It is "believed that the increased stability which accompanied the 
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increase in dihedral angle from 0° to 30° (discussed in the preceding 
section) may have "been "brought about by the resulting increase in 
the value of öCj/dz'. Inasmuch as a further increase in dihedral 
angle would decrease the value of the derivative, an explanation of 
the increase in äCi/öz' when the dihedral was changed from 0° to 30° 
may "be of interest. 

In' order to avoid the mathematical difficulties of treating 
discontinuous derivatives the assumption was made in the present 
study, for the case of hydrofoils with dihedral, that a normally 
inactive part of the hydrofoil extended sufficiently far above the 
water surface to keep the hydrofoil from "being completely immersed 
at any time during disturbed motion. (See fig. 2.) As a result of 
this assumption, hydrofoils with dihedral have a larger variation of 
lift with change in depth of immersion than do hydrofoils with 
0° dihedral becav'se of the increased area "brought into action when 
the hydrofoil sinks deeper into the water, This variation in active 
area becomes greater as the dihedral angle becomes smaller. • 

The effect on the stable region of increasing the value of 
bCr/hz ' for each hydrofoil to twice the value that the hydrofoils 
had with 30° dihedral, but having other characteristics the same as 
for 0° dihedral, may be seen by comparing figures 6 and 7< Doubling 
the value of. öC^/dz' shifts the rear boundary of the stable region 
back considerably and produces pronounced changes in the fron-j 
boundary. The former boundary for unstable oscillations now becomes 
an unstable "hump" in the region .with.a new front boundary ahead of 
the hump. The new forward boundary represents conditions for an 
unstable divergence, but the boundary is too far ahead of the front 
hydrofoil to- be of any practical interest. 

Longitudinal hydrofoil spacing.- The effect on the stable 
region of increasing the longitudinal, spacing of the hydrofoils from 
10c1  to 20c1  is shown in figure 8. The larger spacing results in a 
very large increase in the stable region and in the replacement of 
the front boundary that indicated unstable oscillations by a new 
front divergent boundary. The new front boundary is well ahead of 
the front hydrofoil, whioh is the practical limit'of forward center- 
of-gravity location. 

The absence of a boundary for oscillatory instability for the 
system with a spacing of. 20c-, suggests that the large amount of 
damping in pitching for this spacing, relative to the pitching radius 
of gyration Ky, might result in overdamping and thus prevent the 
system from having any oscillatory motion. Calculations with Ey 
reduced to give a similar relation between inertia and damping for 
the small spacing of-lOc^, made to check the hypothesis, showed that 
oscillations were still obtained; thus, it appears that the absence 
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of unstable oscillations for the larger spacing does not signify 
inabilitytof ;fche;. system.to, have transient p.scillations... io •--=;-* 

,. The. pronQunqe^/inprsaBe in.the size, of the^stable.regjiqii^vhen,;.";: 
the longitudinal 'spaqjng of the hydrofoils is increased-indicates; ,r 
that^a large ...spacing-is d^Bii;a^i§_iiv order; tominimize the.-effepts-of 
unavo idable.. change s iiic enter-: of, r gravi ty. location. eine ouster ej._ $n ^ - • - 
practice...: In a previous-.sectign entitled ''Bisti'iiTitiQn'^'f-Area^T^.-.io 
a' spacing of' 10c£"was -used\ in -the calculatians,jrode-tof s^jily, the \^... 
effects of distribution of "area'. If a. larger spacing-ha^'bßeri.\•-;-(%?. .-* 
used, it would possibly have resulted in a sufficient gain in the 
size of the stable region for the arrangement with the large 
hydrofoil forward to make this configuration of practical value. 

Radius of gyration in pitching.- The marked increase, in 
permissible horizontal center-of-gravity movement when Ky is 
reduced is indicated in figure 9, where the stable range of 
horizontal center-of-gravity location is shown for zero vertical 
elevation of the center of gravity with Ky. reduced to one^fourbh 
the value used previously. The pronounced effects of reducing Ky 
indicate that increased, values of Ky, which are more likely to 
be used, should receive attention because of possible adverse effects 
on the ch-iracteristies of the longitudinal motions. 

Effect of Parameters on Stability Roots 

'When the equations of motion are . solved, the potion.is obtained 
as the sum of a series of components called mpdeB/'"Stability roots, 
which indicate, the. degree, of.stability of. the. various ..modes, can 
al,so be obtained from the equations of motion yi^hoü^ effecting^ a 
complete, solution of the^equations. A more detailed discussion^of  _- 
the significance of the stability; roots'is contained in.the appendix, 
of reference U~. . information obtained from, the stability• roptSvip . ;.r 
most useful when .the relative magnitude or importance ~o£.'/fehe various 
modes is known, because the roots then provide"_.a.äIU©-jbö the. naturej • 
of the complete motion, .  ,'. "',.._,,...-.-.    >r...r :^v 

In the present analysis', four stability roots' X are obtained 
from the longitudinal eqviations of motion and are distinguished by 
the subscripts 1 to h.    The nature of the roots changes with 
variations in the parameters of the hydrofoil system. A typical . 
variation in the real parts of the roots is shown in figure 10, In 
general, when the magnitudes of any two real roots become equal, the 
two real roots are replaced by a conjugate pair of complex roots, 
each having the same magnitude for the real part. Thus, such pairs . 
of complex roots in figure 10 are indicated by a double line and an 
appropriate modification of the subscript. The magnitude of the real 
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part for such complex pairs of roots should "be read off the plots at 
the center of the double line. 

For every real root obtained from the equations of motion the 
complete solution •will-contain ah aperiodic mode, or. component, 
of the motion. Likewise, for every pair of complex roots the motion 
will contain an oscillatory component, When the ma/jnitude of the 
real part of any of the roots passes' through zero, the motion "becomes 
unstable. 

Horizontal center-of-ftravity location.- The effect of changing 
the horizontal location of the center of gravity on the real- ports 
of the stability roots is shown in figure 10 for a system of two 
equal hydrofoils with 10° dihedral. For center-of-gravity locations 
ahead of the hydrodynamic center of the front hydrofoil, two real 
roots X^ and Xg an^L  a Paii* of complex roots. Xo ^ exist. Vhan 
the center of gravity is 2.l6c-[_ ahead of the front"hydrofoil the 
M-J+ roots are unstable, which indicates that the center of gravity 
has reached the forward boundary of the stable region. As .the center 
of gravity is moved rearward, the stability slowly improves for the 
oscillatory c'omponent of the motion represented by the X?,ij. roots. 
Meanwhile the magnitudes of the Xj_ and XQ    roots approach each 
other and-become equal when the center of gravity is about l»5cj_ 
behind the front hydrofoil. With farther rearward movement of the 
center of gravity the roots are coupled as two oscillations 
represented by ^1,2 &&& ^.h. Wkea the center of gravity is 
moved back to the vicinity or ?.5c-j behind the front hydrofoil rather 
rapid changes in coupling'occur, which finally result in a real 
root X-^    with a large amount of damping, a complex pair Xgt-i  with 
moderate' damping, and a real root X]±    with slight damping. ' l.Tien the 
center of gravity is moved back to a point "5 .h<^c^ behind the front 
hydrofoil, the magnitude of the Xj,. root becomes zero and the rear 
boundary of the stable region has been reached. 

The behavior of the roots as the horizontal, location of the 
center of gravity is changed indicates that the type of motion .caused 
by disturbances will be considerably influenced'by the longitudinal 
location of the center of gravity.        . . 

Pate of change of downwash.- The effeot on the stability roots 
of assiiming the downwash angle s. to be 2a^ instead of zero can be 
S6en from a comparison of figures 10 and.11. No pronounced change 
in the roots occurred with variation in ea, except for a shift of 
the pattern of root couplings with respect to the horizontal center- 
of-gravity location; this result is consistent with indications 
obtained earlier from 'a study of the. influence, of . ea on the stable 
region. Hence, for the rest of: the work the value of ea was 
assumed to be zero.    * 
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Dihedral.- The Influence on the stability rootB of changing the 
dihedral angle from 30° to 0° is evident when figure 10 ie compared 
with figure 12. The difference in the rate at which the X^.g 
oscillation develops with rearward center-of-gravity movement for 
the two dihedral angles accounts for the different appearance of 
the right side of the diagram in the two figures. The most 
important feature disclosed "by the comparison is the improvement, 
"brought about "by the use of dihedral, in damping of the component 
of motion involving the root X,^ .or the complex "pair " X.0,1^. 

Vertical center-of-gravity location.- Figures 13 and Ik 
together with figure 10 show the effect on the stability roots of 
varying the vertical center-of-gravity location from a point on a 
level with the hydrofoils to a point lOc^ above the hydrofoils. As 
had "been indicated "by the diagrams of the stähle regions, no 
pronounced changes occur in the nature of the roots when the vertical 
center-of-gravity location is shifted. 

Rate of change of lift with immersion.- The effect on the 
stability roots of making "the value of 5QL/öZ' twice that for 
30° dihedral is evident if figure 15 is contrasted to figure 10. 
Doubling the vertical-damping derivative caiised marked improvement 
in the *••, ^ oscillation, which suggests that the similar improve- 
ment in damping obtained by increasing the dihedral angle from 
0° to 300 was a result of the associated increase in the value 
of a-CL/dz' . 

Effect of Parameters on Indicia! Responses 

An indicial response is the motion resulting from a unit force 
or moment suddenly applied to the hydrofoil system at zero_time and 
held constant thereafter. The indicial responses are of interest 
because they are of the same general character as the motions 
produced by types of disturbance that are likely to be encountered""" 
in practice. 

The longitudinal equations of motion (equations (9)) involve 
three variablesj hence three indicial responses are necessary to 
define the motion caused by any specific unit disturbance. The 
three indicial responses may be conveniently represented by the 
symbols Og, z\,    and 6Z    for the change in angle of attack, 

vertical position, and angle of pitch, respectively, when the motion 
is caused by the sudden application of a unit C^-force to the 
hydrofoil system. Similarly (%, z'm, and 0m ""are the response 
factors for a sudden unit C^ disturbance. 
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The lndicial responses are ftaictions of nondimensional time sc, 
typical variations of which are shown In figure 16. The magnitude 
of disturbances actually encountered, when expressed in coefficient 
form, will usually "be considerably leBS than unityj consequently, the 
actual motions experienced will "be of proportionately smaller magnitude 
than the lndicial responses presented "but will have the same type of 
variation with time. Values of the indicial responses after the 
disturbance has been absorbed "by the system and new steady-state 
equilibrium conditions have "been reached are represented "by short 
horizontal lines at the right side of the plots. Such steady-state 
values are not only new equilibrium conditions for sudden disturbances 
but also represent new trim conditions after gradual changes In the 
load condition, such a&Jrould result from the use of fuel. 

Horizontal center-of-gravity location.- Indicial responses for 
a unit Cg-disturbance applied to a system of two equal hydrofoils 
with zero dihedral are plotted against nondimensional time In 
figure 16 for several horizontal locations of the center of gravity. 
Values of X]_ used in figure l6 were selected to give center-of- 
gravity locations covering all the types of root coupling shown in 
figure 12. If the center-of-gravity locations used In figure 16 
are noted on the diagram of the corresponding stable region (see 
fig« 3)> the following points are evident: 

(1) A center-of-gravity location near the front boundary of 
the stable region is conducive to motions characterized by pronounced 
oscillations. 

(2) A more rearward looatlon of.the center of gravity reduces 
the prominence of- the oscillations but increases the ultimate 
deviation from the attitude that existed before the disturbance. 

(3) For center-of-gravity locations near the rear boundary, no 
discernible oscillation is noted, but very large departures from the 
initial condition occur. 

Comparison of the maximum deviations for the three center-of- 
gravity locations of figure 16 shows that, during the Interval of 
time covered by the curves, the smallest amplitude of motion of the 
hydrofoil system occurs for the case with the center of gravity back 
35 percent of the distance I    between the two hydrofoils. The 
deviation caused by a given disturbance rapidly becomes greater as 
the center of gravity Is moved back of the optimum location, with the 
result that for such rearward, locations a very slight disturbance 
would bring the hydrofoils to the surface or cause them to sink very 
deep into the water. Location of the center of gravity any appreciable 
distance ahead of the optimum location appears undesirable because of 
the pronounced oscillatory motions involved. Such motions would 
be both uncomfortable and difficult to control. 
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Indicial responses for a unit 0^-disturbance, for the Bame 
conditions as for figure 16, are plotted in figure 17. The 
discussion of the effect of change in horizontal center-of-gravity 
location on the indicia! responses for a unit Cg-disturhance also 
applies for a unit Cm-disturbance, with the exception that the 
amplitudes of the motions are least for the most forward center-of- 
gravity location considered, instead of for the middle location. 
The oscillations are much more persistent, however, for the forward 
location than for the middle location. 

Because of the large response factors involved for either type 
of disturbance, even when the "best center-of~gravity location is 
selected, motions for hydrofoils with no dihedral will involve large 
amplitudes whenever a slight disturbance is encountered; hence, it 
appears evident that such a type of hydrofoil will not give satis- 
factory performance. This conclusion applies only to the arrangement 
investigated, where the hydrofoils always remain completely submerged; 
and it should not he extended to cover ladder arrangements, for which 
a change in effective area with immersion depth produces effects 
similar to those for partly immersed hydrofoils with dihedral. 

Dihedral angle.- The effect on the indicia! responses of 
increasing the dihedral angle from 0° to 30° may he ohtained "by a 
comparison of figures 18 and 16 for a unit Cg-disturbance, and of 
figures 19 and 17 for a unit Cm-disturbance. The figures indicate 
that the effect on the nature of the motions of changing the 
horizontal center-of-gravity location is much the same as that 
indicated in the preceding parts of the present paper. Thus, the 
most desirahle center-of-gravity location appears to he ahout 3«50c^ 
hack of the front hydrofoil, as in the case for 0° dihedral angle. 
At any particular horizontal location of the center of gravity the 
increase in dihedral causes an appreciable reduction in the indicial 
responses. The reduced sensitivity to disturbances when the dihedral 
angle was increased from 0° to 30° may have "been a result of the 
corresponding increase in vertical damping. In such a case, as 
mentioned in the discussion of stähle regions, a further increase in 
dihedral would.have an effect opposite to that caused hy this initial 
increase in dihedral. 

Bate of change of lift with immersion.- The effect of varying 
the rate of change of lift with immersion on the indicial responses 
for a unit Cg-disturbance may he seen from a comparison of 
figures l6, 18, and 20. Figures 16 and 18 give the indicial responses 
for hydrofoils with dihedral angles of 0° and 30°, respectively; 
.whereas for figure 20 the rate of change of lift with immersion 
is assumed to have a value twice that for hydrofoils of 30° 
dihedral angle hut to have other hydrofoil characteristics the 
same as for 0° dihedral angle. If the case for the center of 
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gravity at 3.50^ is selected in each of the figures, comparison 
shows the direct relation "between good riding character!otics and 
a large value of dC^/dz'. It appears, therefore, that a large 
value of öCk/öz' should "be attained "by the use of arrangements 
such as hydrofoils with dihedral for which the effective area 
changes with Immersion depth, or "by the use of some device that 
changes the angle of attack when the height varies. Figure 21 
gives data corresponding to the data of figure 20, hut with a 
unit Cm-disturbance assumed. Results for the several center-of- 
gravity locations assumed in figures 20 and 21 indicate the same 
influence of horizontal center-of-gravity location on the motions 
as has "been shown by the computations summarized in figure 17. 

Longitudinal hydrofoil spacing»- Indicial responses for either 
a unit Cz-disturbance or a unit Cm-disturbance applied to a 
system of two equal hydrofoils spaced 20ci are given in figure 22. 
The horizontal center-of-gravity location in figure 22 is at 0,352, 
which is the same percentage of I    that was used in figures 18 
and 19, and other conditions are also the same as for figures 18 
and 19. Figure 23 gives data similar.to the data of figure 22 
except that the spacing has "been increased to 100c^. Comparison of 
figures l8, 19, 22, and 23 indicates that increasing the hydrofoil 
spaaing tends to increase the restraint in pitching and thus 
reduces the response in all degrees of freedom for pitching-moment 
disturbances, and in all but vertical, motions for Z-force disturbances . 
The effect of increasing the hydrofoil spacing on the motions suggests 
that the spacing shoiild be as large as is practical, in order to 
reduce the response to a given disturbance. Figure 2k  shows the 
significance of 10c,, 20ci, and lOOci spacings if the hydrofoil 
systems were attached to a typical flying boat. 

LATERAL MOTIONS 

Lateral stability for flying.boats has not generally been a 
serious problem up to the present time; hence the present investiga- 
tion of the lateral characteristics of hydrofoils was brief and 
made chiefly to check the lateral stability of typical hydrofoil 
arrangements assumed in much of the study of longitudinal stability. 

In the present investigation all the lateral stability 
calculations were made for a hydrofoil system consisting of two 
identical hydrofoils of rectangular plan form, each having 
rectangular tips, 30° dihedral, and an aspect ratio of 6. The 
center of gravity was assumed to have a horizontal location 0.35Z 
behind the hydrodynamlc center of the front hydrofoil. The rate 
of change of downwash at the rear hydrofoil was assumed to be zero. 
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The mass of the hydrofoil system was the same as that assumed for 
the Investigation of longitudinal stability. The study was confined 
to what was considered the idealized case, where the supporting 
struts have no influence on the characteristics of the hydrofoil 
system. The method of treatment for the lateral motions vas similar 
to that used for the longitudinal motions and is described in detail 
in the appendix. 

The effects of changes in the vertical location of the center 
of gravity and changes in the longitudinal spacing of the hydrofoils 
on the lateral stability roots are indicated "by the data of the 
following table: 

21 
(chords) 

I 
(chords) 

Lateral stability roots 

2.5 

5.0 

5-0 

10 

10 

20 

0 

0 

' 0 

-O.jkh t 1.1221 

-I.715 i 0.5231. 

-2.27k t 1.958i 

-O.U72 ±.Q.20jH 

-0.2^2 + O.lOli 

-0.221 -O.292 

The zero root that is listed for each set of values of z-^ 
and I    in the table results because the system is insensitive to 
heading; that is, the performance does not depend on the initial 
direction of travel. The remaining ..roots listed are either negative 
or have negative real parts in the case of complex roots, which 
indicates that all the systems investigated were laterally stable. 
Instability was expected in the two cases, with the higher center- 
of-gravity location, but apparently the stabilizing effect of the 
rolling moment tfeat is developed when the system is banked (defined 
by the value of the derivative Sc^/c^f) outweighs the effect of the 
higher center-of-gravity location. Check calculations made with 
dc^/^f reduced to nearly zero but with other conditions the same 
as for the second case in the table showed pronounced lateral 
instability. From the foregoing results the value of dC^/ä^ 
appears to have an important influence on lateral stability. The 
value of this derivative is likely to depend on the depth of immersion 
of the hydrofoils; therefore it may impose a coupling between the 
longitudinal and the lateral motions and thus prevent reliable 
predictions of the lateral behavior when the longitudinal motion 
is ignored. In contrast, none of. the longitudinal derivatives 
appears to be appreciably affected, by lateral motions. 
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The data given in the table indioate that raising the center 
of gravity and increasing the longitudinal spacing of the hydrofoils 
both increase the total damping in the hydrofoil system, hut the 
practical value of the increase in damping cannot "be determined 
except from a study of the response factors involved. Such a study 
does not seem feasible until experimental checks are made on the 
validity of certain of the assumptions made in developing the theory 
for lateral motions. 

SUGGESTIONS FOR FUTURE RESEARCH 

The present study is based on the assumption of small 
displacements. Because of the nonlinearity of many of the derivatives 
involved, any appreciable departures from the assumed speed, depth of 
immersion, and other factors may cause marked changes in the dynamic 
characteristics of the system. Studies of maneuvers, such as take- 
offs, of hydrofoil systems may consequently require step-by-step 
treatment. The-development of methods of studying the combined 
motions and determination of the effects of changes in forward speed, 
hydrofoil loading, and moments of inertia on the motions also appears 
desirable. For seaplanes the interaction of hydrofoils, hull, and 
aerodynamic surfaces must be considered. Other factors that should 
receive attention are the influence of the hydrofoil supports 
(particularlyvon lateral motion), the effects of power, and the 
nature of the downwaeh near a free surface. 

CONCLUDING REMARKS 

A'theoretical investigation was made of tandem hydrofoil 
arrangements, based on the lifting-line theory» The conclusions 
which follow apply to only the longitudinal behavior, inasmuch as 
the computations made were insufficient to Justify definite conclusions 
regarding the lateral motions. 

1. The longitudinal hydrofoil spacing should be as large as is 
feasible. 

2. The rate of'change in lift with change in depth of immersion 
of the hydrofoils should be large. Dihedral appears to be 
advantageous, if the hydrofoil is partly immersed, because with 
dihedral there' is a larger rate of change of lift with change in 
immersion. The rate of change of lift with immersion will be 
insufficient for hydrofoils with no dihedral unless the area is 
composed of several panels in a multiplane arrangement. 
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3. The rear hydrofoil area should he as large as, or larger 
than, the front hydrofoil area if large variations in center-of- 
gravity location are to he accommodated when the longitudinal 
hydrofoil spacing is small (of the order of 10 chords). With 
appreciably larger spacings, the arrangement with the main surface 
forward appears to he sufficiently stähle and should he more 
efficient than the other arrangements. 

k.  The choice of horizontal center-of-gravity location should 
he "based on considerations of the resultant characteristics of the 
longitudinal motions and the hydrofoil loading. The location should 
not he ahead of the hydrodynamic center of the front hydrofoil, in 
order to avoid undesirahle loading. The location should he as far 
ahead of the rear houndary of the stähle region as is feasible 
without incurring ohjectionahle oscillations. The hest compromise 
from this latter standpoint appears to he a location near the center 
of the stähle region. For two equal hydrofoils in tandem the hest 
location appears to he hack chout 35 percent of the distance "between 
the hydrofoils. 

5« If the effects of power are neglected, the vertical center- 
of -gravity location appears to he of little importance, low locations 
"being somewhat advantageous. 

6. A reduction in the pitching radius of gyration will cause 
an appreciahle increase in the range of horizontal center-of-gravity 
location that will he stähle. 

Langley Memorial Aeronautical Lahoratory 
National Advisory Committee for Aeronautics 

Langley Field, Ta., May 9, 19^7 
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APPENDIX 

METHODS OF THEORETICAL TREATMENT 

SYMBOLS 

h.o. hytlrodynamic center 

e.g. center of gravity of hydrofoil system 

X-, Y-, Z-axes reotilinear referenoe axes fixed in hydrofoil 
system, with origin located at center of 
gravity (The X-ax:ts is alined in the direction 
of the initially undisturbed motion. The initial 
position of the Y-axis is directed horizontally 
to the right. The Z-axis is directed downward.) 

forces along X—, Y-, and Z-axes, respectively 

moments about X—, Y—, and Z-axes, respectively 

axis, directed vertically downward with respect 
to the earth from origin located at center of 
gravity of hydrofoil system 

displacement along Z'-axis 

angular displacments of reference axes from 
initial positions, radians (see fig. 25) 

angles, in radians, giving instantaneous orientation 
of reference axes with respect to path of motion 
(see fig. 25)}  thus a is angle of attack 
and ß angle of sideslip at center of gravity 

V linear velocity of center of gravity 

n angular velocity of hydrofoil system about center 
of gravity, radians per second 

u, v, w      components of V along X—, Y—, and Z-axes, 
respectively 

p, q., r      components of fl about X—, Y-, and Z-axes, 
respectively 

x, Y, z 

I., M, if 

Z»-axis 

Z« 

^ e, * 

a, ß 
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W weight of hydrofoil system 

m mass of hydrofoil system 

lsi., k_, k     radii of gyration of hydrofoil system about 
respective reference axes 

p^. density of water 

1 subscript used to designate front hydrofoil in a 
system of two hydrofoils in tandem 

2 subscript used to designate rear hydrofoil in a 
system of two hydrofoils in tandem 

S total projected area of immersed part of hydrofoil 
system under conditions of steady undisturbed 
motion 

SJJ total projected area of nth hydrofoil 

cn chord of nth hydrofoil 

hn span of nth hydrofoil 

A^ aspect ratio of nth hydrofoil 

rn dihedral angle of nth hydrofoil, in radians unless 
specified otherwise 

r dihedral angle when angle is same for all hydrofoils 
in system 

a^ angle of attack at hydrodynamic center of nth 
hydrofoil, radians 

cc^ induced angle of attack at hydrodynamic center 
of front hydrofoil, radians 

£ downwash angle at hydrodynamic center of rear 
hydrofoil, radians 

ea rate of change of € with a 

€g rate of change of e with qc^/V 

ßn angle of sideslip at hydirodynamic center of nth 
hydrofoii, radians 
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($» 

nondimensional rolling velocity at hydrodynamio 
center of nth hydrofoil, based on local rolling 
velocity in radians per second, bn, and T 

nondimensional yawing velocity, with definition 

similar to that for 
^ 'n 

Cr lift on hydrofoil system, measured at center of 
gravity in direction perpendicular to V and 
converted to coefficient form "by dividing 

by ip^S 

C]v lift on nth. hydrofoil, measured at hydrodynaraio 
^ center of hydrofoil under consideration in 

a direction parallel to CL and converted to 

coefficient form by dividing by ^p^V^S 
2 v 

lift on nth hydrofoil, measured at hydrodynamio 
center of hydrofoil under consideration in 
direction perpendicular to local relative motion 
and converted to coefficient form by dividing 

by in V^S J 2^w • n 

fCj)) drag on nth hydrofoil, measured at hydrodynamio 
n center of hydrofoil under consideration in 

direction parallel to local relative motion 
and converted to coefficient form by dividing 

Cyj weight of hydrofoil system converted to coeffioient 

form by dividing by lp V^S 
2 w 

Cy side force on hydrofoil system, measured at 
center of gravity in direction of Y-axis and 
converted to coefficient form by dividing 

"by JP^ 

/by\ side force on nth hydrofoil, measured at hydro- 
^ 'n dynamic center of hydrofoil under consideration 

in direction parallel to Y-axis and converted 

to coefficient form by dividing by Ap V2S 
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CO. 

"m 

(H> 
> 

coefficient.of Z-force, with definition similar 
to that for Cy 

rolling moment about X--axis, converted to coefficient 

form by dividing "by ipwV
2Sb-L 

rolling moment at hydrodynamic center of nth hydrofoil 
about axis parallel to X-axis, converted to 

coefficient form by dividing by ^5PwV
2Srbn 

pitching moment about Y-axis, converted to coefficient 

form by dividing by ip^Sc^ 

coefficients of yawing moment, with definitions 
similar to those for Cj and /0,} , respectively 

*   'n 

<2n 
the derivative    öCT    /o^-^ 

1 

Xg 

I 

hi 

X—component of distance from center of gravity to 
hydrodyruimic center of front hydrofoil, c^-^inits 

X—coirponeut of distance from hydrodynamic center of 
vexx hydrofoil to center of gravity, c,-units 

distance between hydrodynamic centers of the two 
hydrofoils measured parallel to X-axis, c-j—units 

Zr-component. of distance from center of gravity to 
hyajrodyrsnic center of nth hydrofoil, c^-^units 

operating depth,? distance from water surface to 
hydrodyt,aiaic center of nth hydrofoil during 
stoady undisturbed motion, cn—units 

operating depth when depth Is same.for all hydrofoils 
in system 

parameter of nth hydrofoil used to determine value 

°* 3(W<£1 
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yc        Y-component of distance from hydrodynamic center 
n to centroid of lift on one panel of nth hydrofoil, 

t^-units 

zl        Tertical displacement of center of gravity during 
disturbed motions, c-^-unite 

z'        vertical-displacement of hydrodynamic center of nth 
hydrofoil during disturbed motions, cn-units 

|i0        mass of hydrofoil system, ^PySc^-units 

\x. mass of hydrofoil system, ^p^b-^-units 

Ky        radius of gyration about Y-axis, c-j_-unitB 

Ejjr, Kg     radii of gyration about X- and Z-axes, respectively, 
b^-units 

t time, seconds 

s0        time, c^/v units (To convert nondimensional 
time into second units use t = ScC^/V. The sc 
time scale may alternatively be converted into 
distance traversed if values of sc are multiplied 
"by 01.) 

Sjjj time, b2_/7 units 

\ stability root, with various numerical subscripts 
used to distinguish the different roots 

Zft)       disturbance function; a Z-force of variable magnitude, 
time history of vhich is indicated by form of 
function (The complete description of any arbitrary 
disturbance acting on the hydrofoil, system may be 
expressed by use of this and the additional 
disturbance functions M(t), Y(t), L(t), and 
N(t), with definitions similar to that for Z(t).) 

^z(sc)     nondimensional disturbance function, similar 
to Z(t) but with force expressed in coefficient 
form and with time in nondimensional units 
(Similar definitions apply to Cjafs,,), Oy(st)), 
^(s-b), and Cn(st,).) 
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az>  z*z, 6Z indlcial responses giving motions in a, z*, 
and 0, respectively, caused "by sudden 
application of unit Cg-dieturbance to 
hydrofoil system 

ctjjj, zTm, 0m   indicia! responses giving motions in a,    z*, .and 9, 
respectively, caused by sudden application of 
unit Cm-disturbance to hydrofoil system 

k, empirical constant used to determine value 
1 *(WJ* of d(CT) /ÖZ

1 

fco> k5        empirical constants used to determine value 3       of ^LV5
^ 

ki,, k=        empirical constants used to determine value 
of acqu)^ 

Longitudinal Equations of Motion 

The longitudinal motions of the hydrofoil system are referred 
to the system of axes described in the list of symbols. The choice 
of axes that correspond to those customarily employed in studies of 
airplane stability should facilitate extension of the present hydro- 
foil theory to include the effects of aerodynamic surfaces. The 
equations of motion are based on the assumption that the hydrofoil 
system can be replaced by a particle at its center of gravity having 
a mass m and radii of gyration kx, ky, kz about the respective 
reference axes equal to those of the hydrofoil system. The analysis 
is also based on the assumption that the velocities V in the 
direction of motion and u along the X-axis are constant and that 
departures from the initial conditions of motion are small. The 
further assumption is made that the longitudinal displacements Z*, 
6,    and along the Z-axie, in the plane of symmetry of the hydrofoil 
system, are independent of the lateral motions involving the 
displacements <j>}  i', and along the-Y-axis. This assumption yields 
satisfactory theoretical predictions of the motions of airplanes in 
normal flight and appears warranted, based on the nature of the 
deviations involved, in the treatment of the longitudinal motion 
of hydrofoils. Its application to the lateral motions of hydrofoils 
is made with reservations, as mentioned in the main test. 
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By the use of D 'Alemberts principle, the" following equations 
of equilibrium at the center of gravity are -written for the forces 
and moments involved in the longitudinal motions: 

dV 
dte 

mqV = 4z- + z^ dw dZ 
•fc    +Ä+ Ä + Z(t) 

'        .00 dq 

> 

mkY
2£| = T#5 + z'äBL + e& + q3*f + M(t) 
dt2   °w    dZ'   d©   °<1 

(1) 

•where Z(t) -and M(t) are arbitrary disturbance functions. The 
equations have the same form as the familiar equations of longitudinal 
motion for an airplane, except for the addition of derivatives with 
respect to Z' and 0. The equation of equilibrium involving the 
X-forces is omitted because u is assumed constant. Equations (l) 

can be simplified by using to give 

mVit - *vi 

1 2de 

air 

4* 

_ÖM 

7 idZ 
z dz^ 

^c 
+ z 

a 
,dM 
dz' 

+ 0. ,dZ _,_ d9 dZ 
d^ + dt Sq* 

4S + d0 

d0 dM 

dt d"q 

Z(t) 

> 

M(t) 

(2) 

If equations (2) are rewritten in a nondimeneional form, the solutions 
obtained will be general in character. The method used to make the 
various terms of the equations nondimeneional involves expressing all 
angles in radians, all forces and moments in the standard NACA 
coefficient forms 

Cz 
io V2S 

(3) 
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M 
"m. 

ip,J2SCn 
(*> 

g^V 

all lengths in terms of the chord c^   of the front hydrofoil, all 
times in terms of the time c^/V required for the system to traverse 

the distance c, along the path of motion, and the mass in terms 

of ^PySc-L units. The nondimenaional quantities of mass {ic, 

time sc, vertical displacement z*, and radius of gyration Ky 
about the Y-axis thus hear the following relations to the 
corresponding dimensional quantitiest 

(5) 

oi/T 
(6) 

z* (7) 

°1 
(8) 

In equations (3) to (8), pw Is the density of water and S is 

the total projected hydrofoil area in the hydrofoil system. 

The nondimensional form of equations (2) becomes • 

= o£& + s.5£z + 

n0 ** Kv^^L 

ba 

ac, 

•52s 
bz* 

Ä + as_ d°z 

cLs„ da dgt       do       dsc ^qo-,      ^ 

(9) 
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Also, from geometric considerations, 

dsc 
• a - 9 (10) 

In equations (9), 0Z(BC)  and Cm(sc) are functions of nondimensional 

time that describe the application of disturbing force and moment 
coefficients to the hydrofoil system. The methods used to make the 
terms of equations (9) nondimensional have the advantage that the 
nondimensional equations obtained retain the same form as the original 
force equations) consequently the physical significance of the non- 
dimensional equations should be more readily evident. Solutions of 
motion obtained from equations (9) are likewise nondimensional and 
may he considered as proportions, applicable to all similar hydrofoil 
systems, and capable of conversion to customary engineering units in 
any given case "by use of the characteristic dimensions c^ and Y 
pertinent to the specific design. 

Stahle regions and stability roots for the longitudinal motions 
can he obtained from equations (9) in conjunction with equation (10.) 
by methods discussed in reference h. The stability equation for the 
longitudinal motions has the form 

air + bD^ + cD2 + dD + e a 0 (11) 

Boundaries for the stable regions were obtained from the conditions 

(bo - ad)d - b2e • 0 (12) 

for the oscillatory boundary and 

e » 0 (13) 

for the divergence boundary. The quantities involved in equations (12) 
and (13) are the coefficients of equation (11), which in turn are 
functions of the factors of equations (9) and (10). Thus, 

e =» Kt^-lKt^g)        0» 



MCA oar No. 1285 25 

Equation (12) Is the familiar Eonth's discriminant, but its expression 
in terms of the factors in equations (9) and (10) is considered too 
lengthy to "be presented here. 

Longitudinal Derivatives 

Values must he assigned to the various partial derivatives 
appearing in equations (9) "before the equations can ho solved. No 
experimental values for the derivatives were available; hence computed 
values were used. The computed derivatives were evaluated on the 
basis of experimental hydrofoil data obtained from results of tests 
made in the Langley tank no. 1 at various immersions and speeds. 
A discussion of the methods used to compute the various derivatives 
follows. Data presented in connection with the discussion are for 
hydrofoils of rectangular plan form and tips, with an aspect 
ratio of 6, and operating at a velocity of 20 feet per second. 
Experimental results indicate that, for a given angle of attack, 
marked changes in the lift and drag coefficients of hydrofoils 
occur with changes in speed. The values of the derivatives would 
undoubtedly be equally, affected by any pronounced change in speed 
from that assumed in the investigation. 

Change in Z-force with vertical displacement of the center of 
gravi-Ey dCg/öz*.- If the center of gravity moves downward, the 

hydrofoils are immersed deeper in the water. Experimental results 
indicate that an increase in the depth of immersion of a hydrofoil 
is aocompanied by an increase in the magnitude of the lift obtained. 
The increase in lift is proportional to, and of the same sign as, 
the initial lift. Thus, 

-sr-^WL (15) 
n 

Talues of k^ are given in figure 26 for a dihedral angle of 0° 

and in figure 27 for dihedral angles of 20° and 30°. The value 
of fcj_ depends on the normal operating depth 2^ of the hydrofoil. 

The discontinuities in the curves of figure 27 coincide with the 
point where the tips of the hydrofoil break the surface. In fig- 
ure 26 and subsequent figures (Cj,)  Is based on the total area 

of the hydrofoil instead of the immersed area, and z-,  is 

measured in chord lengths of the particular hydrofoil under 
consideration. 
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The value of SCg/dz1 for a complete hydrofoil system is the 
negative sum of the values of cCV /dz* for the individual hydrofoils. 

The values of öC-r fez*    for the various hydrofoils are derived from 

the d fa%\  föz'n   relVieB obtained from figures 26 or 2? by making 

proper allowance for the different areas and chords that are used 
to make the various terms nondimensional. 

Change in Z-force with angle of attack SC^/do.- The value of 
the derivative dCg/oU ie the negative sum of the values 
of clOp /oU (that is, the slopes of the lift curves) for the 

individual hydrofoils. As in the case of SOz/öz», differences 
in the areas used- in forming the coefficients must "be taken into 
account when the addition is m*ide. The slope of the lift curve 
depends on the depth of immersion of the hydrofoil. Typical 
variations of the slope are given in figure 28 for 0° dihedral 
angle and in figure 29 for various dihedral angles. When figures 28 
and 29 are used to determine the slope of the lift curve for the 
rear hydrofoil, the value obtained is with respect to'the local 
angle of attack ctg at the rear hydrofoil. In general the value 
of ct2 is leBS than that of a (measured at the center of gravity) 
by the amount of the downwash angle e at the rear hydrofoil. The 
slope of the lift curve for the rear hydrofoil must be corrected 
for downwash to give the required slope with respect to a. The 
correction is applied by multiplying the slope obtained from 
figure 28 or 29 by the factor 1 - ea, where ea has some value 
in the range 

<  < a HO, ,,,, 
o*"***-*? (l6) 

In equation (l6), A-^ is the aspect ratio of the front hydrofoil 

and dfoA fec^ is the lift-curve slope obtained from figure 28 

or 29 for the front hydrofoil. 

Change in Z-force with pitch attitude . üCzfb9.- A change in 
the pitch attitude of the hydrofoil system will cause a differential 
change in .the depth of immersion of the hydrofoilB. The effect on 
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the Z-force may be estimated from the geometry of the system and 
the data of figures 26 and 27j thus, for two tandem hydrofoils 

^.aifiE^-feiife^ (17) de  s öz^ 1  s c2 öz,2 *a 

Change in Z—force with pitching velocity öCg/o—l.— The chief 

effect"of a pitching velocity at>out the center of gravity of the 
hydrofoil system is to cause a change in local angle of attack at 
each hydrofoil. The change in effective camber for the pitching 
hydrofoil introduces a small additional component of vertical force, 
(See reference 50 2h© total effect for two hydrofoils in tandem 
may be assumed to be 

cC, 
-JL . _c   - CT (18) 
Ä1     *L   \ 

where 

ä ^1(^ + 0.5) (19) 
\      s ^ 

cL -^-r^te-'n + o-^)     (20) 

In equations (18) and (19), ^(
C
L) /^S iB "fche lift-curve slope for 

the rear hydrofoil, based on the local angle of attack ctgj x-,    and 
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Xp are the X-components of the locations of the front and rear 

hydrofoil hydro&ynranic centers from the center of gravity expressed 
in terms of c-^ and «  indicates the rate of change of downwash 

angle at the rear hydrofoil with change in nondimensional pitching 
Telocity qcj/V. The value of e_ will he in the range 

2CL 

Change in pitching moment with vertical displacement of the 
center of gr avity dCm/5z*.— The changss in lift,, mentioned in the 

discussion of the change in Z—force with vertical displacement of 
the center of gravity, produce moment changes about the center of 
gravity, the magnitude of which depend on the X-components of the 
distances of the hydrofoil hydrodynamic centers from the center of 
gravity. The drag also increases with deeper immersion of the 
hydrofoils. Analysis of the data obtained in Langley tank no. 1 
indicates that the change in drag can he expressed as 

K^X,.. 
oV 

n 
k. 2 
&)n + *3 <*»> 

Yalues of kg and k  are given in figure 30 for 0° dihedral 

angle and in figure 31 for 30° dihedral angle. The drag changes 
multiplied "by the Z—components of the distances from the center 
of gravity to the hydrofoil hydrodynamic centers give the drag 
contributions to the change in pitching moment. lor two hydro- 
foils in tandem 

ia !I
ö

C°L)1X,    
S

22I
ö

C
C
L)2X     S,^) Sg cT H°D)2 

-L R    Co      JWJ «= R       JV.t J- 
Z, 

ÖZ»       S     Öz*        ^       S   c2    %zt        2       s     $zt        1        s  o2    öa, 2 
1 2 •*• 2 

(23) 
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Change In pitching moment with angle of attack bOgJzta.— 
Physical considerations lead to the expression, for two hydrofoils, 

(°L\~ 

-1 Ci - •«) w2 ^r — 6' 
ÖOCg 

(210 

vhere H is the drag coefficient of the front hydrofoil based 

on the area' of the front .hydrofoilj (Cp)  is the drag coefficient 

of the rear hydrofoil "based on the area of the rear hydrofoilj 
and z^ and 2^ are the Z-components of the locations of the front— 

and rear-hydrofoil hydrodynamic centers from the center of "gravity, 
expressed in terms o±* Cj_. 

The slope of the drag curve for each hydrofoil must "be known to 
determine öC^öa from equation (2*0. The empirical relation 

^-*«*-* 
(25) 

was obtained from an analysis of the experimental data. Values 
of kj^ and k= varied with the depth of immersion of the 

hydrofoils in the manner shown in figure 32 for 0° dihedral angle 
and in figure 33 for 30° dihedral angle. 

Change in pitching moment with pitch attitude bC^/^0.—   The 
differer.-olal change in the depth of immersion of the hydrofoils 
introduced by a change in the pitch attitude of the hydrofoil 
system leads to variations in the lift and drag for each hydrofoil. 
These v?iriations can be translated into a variation in pitching 
moment about the center of gravity by use of the geometry of. the 
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hydrofoil system and equations (15) and (22}. For two tandem 
hydrofoils 

.    si5(ci)ix2    % c, K°L)2 = 2 ;*i K°P)I x.,z. 

S °2 5z» 
=2 ul TW2 

2 

Change in pitching moment with pitching velocity dC^/d—«k— -The 

only important contribution to the pitching moment produced by "a 
pitching velocity about the center of gravity is that associated 
with the change in lift on each hydrofoil as a result of the change 
in local angle of attack. Thus, 

"at* = " f -X    Xl - -f (^ - %) -^ *2     (27) ^cj,       s   a^ s v       v  aog 

Lateral Equations of Motion 

Equations expressing the equilibriums of the foroes and moments 
involved, in the lateral motions are written on the same assumptions 
as thcK& used to obtain the longitudinal equations. The equations 
of lateral motion are 
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1 

S^+nn^.Tfl+jj/^ + w) +p^±+rSi+ Y(t) 
W  / dt2 Öv 

5Y ' or >— + r~ 
"op   or 

,*2-5S|«T3E+^+B?E+Ä+ I(t) 
A dt2   3v   5$   °P   or 

* dtd   ör   ojJ   oP   or 

(28) 

where Y(t), L(t), and lf(t) are arbitrary disturbance functions. 

Equations (28) can he simplified hy using v = ££, ß = 2, p = ^2, 
A* . dt     Y     dt 

and r = ~ to give 
dt 

-\ 

^l^mf& + t & + *) + &*+ **.* + T(t) 
dt   dt  ^ß  y U*  /  dt öp  dt ör   v 

dt 2 " 
Pöß  *c$  dt Öp  dt or 

> 

^ dt2 ^     %     dtop  dtör + N(t) 

(29) 

Equations (29) will next "be written in a nondimensional form similar 
to that used for the longitudinal equations. Thus, all angles will 
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las expressed In radians and all forces and moments in the standard 
NACA coefficient forms 

Oy = —I— (30) 
W2s 
2 

Ow - r-^4- (3D 
2 

PV ö 1 
(32) 

Cn - §— (33) 

Because of the different basis for forming the moment coefficients 
(cf. equation (k))  in the nondimensional lateral equations of 
motion, all lengths will be expressed in terms of the span of the 
front hydrofoil "b^,    all values of time in terms of the time "b^/V 
required for the system to traverse the distance b^ along the 

path of motion, and the mass in terms of «pySb, units. The 
nondimensional mass n^, time s^, and radii of gyration ISj- 
and Kg thus ^oar the following relations to the corresponding 
dimensional quantities: 

Mb - rJL- (3*) 
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Sb = ~ (35) 

% = ~          (36) Dl       _ . ... 

The nondimensional form of equations (29) "becomes 

bW   dsj   *ß   ^Vöof   ^v   ««hÄ  ^^S  ^^ 

_ 2 cL20 dC,   '    ,cC7      ad    dC, cblr    oC7 .     . 

V 7' 

^    ^2      ^      V^      ^ Ä      dB,, £l        n ^ 

where Cy^Sb), (^(s^,, and Cn(s-b) are functions of nondimensional 
time that can he used to define the application of any lateral 
distur hance to the hydrofoil system. 

> (38) 
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lateral Derivatives 

In order to obtain, a solution from equations (38), the various 
partial derivatives involved must "be given numerioal values. No 
experimentally determined values were available for any of the 
derivatives, and computed values were therefore used. Experience 
has shown that theoretical methods are unreliable for obtaining many 
of the lateral stability derivatives of airplanes. This fact, 
coupled with the additional-complication of the presence of a free 
surface, suggests that theoretical computations of the derivatives 
for hydrofoils will be even less satisfactory. Elaborate theoretical 
analyses to obtain the values of the lateral stability derivatives 
of hydrofoils, therefore, appear to be unjustified until experimental 
data are available for use in checking the accuracy of computed values. 

For most of the lateral derivatives, the values of the 
derivatives were first oomputed with respect to the hydrodynamio 
center of the hydrofoil for motions at the hydrodynamic centerj from 
the geometry of the hydrofoil system the derivatives at the center of 
gravity of the hydrofoil system for motions at the center of gravity 
were obtained. The following discussion will be mainly confined to 
methods of computing the lateral derivatives at the bydrodynamic center 
of the hydrofoil. Such derivatives can be readily converted- to 
derivatives at the center of gravity of the hydrofoil system by the 
use of elementary mechanics when the geometry of the system is known. 
Numerical data presented in connection with the discussion of the 
lateral derivatives were obtained from the same sources and the same 
operating conditions as those used in obtaining the longitudinal 
derivatives. The expressions derived are for. the lateral derivatives 
of an "ideal" hydrofoil system without supporting struts. The presence 
of the supporting struts usually required will undoubtedly have a 
large influence on the values of certain of the lateral derivatives. 

Change in Y-foroe with sideslip dOy/äß.- Luring sideslip the 

effective angle of attack is differentially altered on each side of 
the hydrofoil, which changes the lift on each half in such a way that 
a component of side force is introduced. This effect is a function 
of the dihedral of the hydrofoil. In addition, the direction of the 
drag force is rotated to one side during sideslipping. The sum of 
these effects is 

*(°*)n,  ^4 rn ta* rn -  (Öo)a        <39) 
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where (Cy)  Is the coefficient, "based on S^, of the Y-component 

of force at the hydrodynamic center of the nth hydrofoil and ß^ 
is the sideslip angle at the same point. The dihedral angle of 
the nth hydrofoil in radians is indicated "by rn. The value of 

^ffl required in equation (39) can he obtained from figures 28 

or 29, and the value of (Cp)  is given in figure 3k for 0° dihedral 
angle and in figure 35 for 30° dihedral angle. 

Change in Y—force with angle of hank dCv/00.— The value of the 
derivativedCy/o^T was estimated by treating each panel separately 
as a hydrofoil of which the dihedral angle,, angle of attack, centroid 
of lift, lift-curve slope, and immersed area vary with angle of bank. 
The change in effective aspect ratio, which should be small for small 
changes in bank angle, was neglected. The variation in dihedral angle 
and immersed area with angle of bank was obtained, by graphical 
methods, for banking about the center of gravity öf the hydrofoil 
system. The changes in lift-curve slope and centroid of lift with / 
dihedral angle were obtained from figure 36. The value of ^(Cj\  /dc^ 
in this figure is for a lift coefficient based on the projected area 
of the hydrofoil while banked, rather than on the initial projected 
area, and with the lift measured vertically regardless of the bank 
attitude. The lateral displacement of the centroid of lift from, the 
Juncture of the hydrofoil panels is given by the value of y<.  in. 
figure 36. In order to make yc  nondimensional it is expressed in 
terms of twice the projected span of the banked panel. The new angle 
of attack of the panel after a change in bank is 

a -  OCQ COS VQ  sec r (kO) 

where the subscript 0 refers to the initial values for the hydrofoil 
panel, and r and a are the values of the dihedral angle and angle 
of attack of the panel after a change in bank. (Note that r = r0 £ $> 
where the sign depends on whether the left or right panel is involved.) 
Equation (i(-0) and the values of dfc^) (&*•&   an,i Tc  obtained from 

figure 36 can be used to determine the magnitude and point of _ 
application of CL for each banked panel. The value of Cy for 
the banked, hydrofoil is then determined by rules of simple mechanics. 
The value of öCy/ö^ is obtained graphically by plotting the values 
of Oy determined for several values of 0 and measuring the slope 
of the resulting curve. 
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Change in Y~force with rolling velocity dCy/d-~.— An estimation 

of the value of the derivative 3Cy/o~P». was obtained on the 

assumption that the side force would be zero for rolling of the 
hydrofoil about its effective center of curvature in front elevation. 
The derivative for rolling about the center section of the hydrofoil 
can then be obtained by an expression of the form 

n 

The parameter rn is given in figure 37 for various dihedral angles. 

Change in Y-force with yawing velocity cX^/ö-~*^.~ The derivative 
_ 

ÖCY/ö—_i vas assumed to be zero for yawing about the hydrodynamic 

center of the hydrofoil. 

Change in rolling moment with sideslip o^C^/dP«— The differential 

change in lift, produced on each panel of a hydrofoil during sideslip, 
introduces a component of rolling moment about the center section. 
An additional component of rolling moment arises because.the point of 
application of the side force produced by sideslip lies above the 
center section. The sum of these effects is 

*l°0n . (*8) 

where y0  is obtained from figure 36 and dfc^) /öa^ from figure 29. 

Change in rolling moment with angle of bank äCj/o$.- Increments 
of C^ and Cy, caused by a change in angle of barLte,~can be computed 

by methods outlined in the discussion of öCy/5^. These increments, 
when multiplied by appropriate moment arms (expressed in span 
lengths), are used to obtain a plot of C^ against 0, from which 
the value of öCj/50 is measured. 
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pb. 
Change In rolling moment with rolling velocity dC^/ö-r-r.- 

Eeference 6 gives -0.2 as an average value of the derivative 

o"cz/o^v  for a conventional airplane wing. The value for a hydro- 

foil will probably be somewhat smaller, but in the absence of 
experimental data the average value mentioned was used for rolling 
of the hydrofoil about its center section. 

Change in rolling moment with yawing velocity öC^/0^—^«— Ta© 

average value 

H°l)       Oh) 
ö<f)    8 n 

/ rb-i 
was used for the derivative dCj/ö-r^1. Reference 6 indicates that 

this value is suitable for wings with moderate taper, and the loss 
of lift on parts of a hydrofoil that approach the surface would 
result in a similar lift distribution if the hydrofoil had dihedral. 

Change in yawing moment with sideslip 5Cn/dß.— During sideslip 

the lift vector for each panel of a hydrofoil remains perpendicular 
to both the hydrofoil leading edge and the direction of motion. 
Hence, the projection of the lift vector on the horizontal plane - 
rotates forward for the leading panel and rearward for the trailing 
panel. The resulting couple about the hydrodynamic center of the 
hydrofoil is 

Change in yawing moment with angle of bank öCn/ö^.- If, during 

banked motion of a hydrofoil, the centroid of drag for each panel is 
assumed to have the same location as the centroid of lift and if the 
additional assumption is made that the variation of drag with lift is 
the same in the banked attitude as for zero bank, dCn/§0 can be 

computed by methods similar to those used for öCy/ö^ and hG-,/b$. 
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Change in yawing moment with rolling velocity dCn/°~^*,~" TIie 

average value given in reference 6 for an elliptical distribution 

of lift was used for the derivative äC_/ö—i. Thus 
7 V 

(*5) 

The elliptical loading was assumed to approximate the loss in lift 
over the tip parts of a hydrofoil with dihedral and with the tips 
at the water surface. 

Change in yawing moment with yawing velocity dCnfh~=^.~ The 

value 

?<&.-M -fi (k6) 
öfö)     8 . 

appears to be a suitable approximation to the expression given by 
dauert for elliptical wings (see reference 6) and hence was used in 
the calculations. The selection of elliptical loading was based on 

the same considerations as for the derivative 50n/^. 
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